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578. 
A MEMOIR ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


[From the Philosophical Transactions of the Royal Society of London, vol. CLxIV. (for the 
year 1874), pp. 397—456. Received November 14, 1873,—Read January 8, 1874.] 


THE theory of Transformation in Elliptie Functions was established by Jacobi in 
the Fundamenta Nova (1829); and he has there developed, transcendentally, with aa 
approach to completeness, the general case, n an odd number, but algebraically only the 
cases n=3 and n=5; viz. in the general case the formule are expressed in terms of 
the elliptic functions of the nth part of the complete integrals, but in the cases n=3 
and n=5 they are expressed rationally in terms of w and v (the fourth roots of the 
original and the transformed moduli respectively), these quantities being connected by 
an equation of the order 4 or 6, the modular equation. The extension of this alge- 
braical theory to any value whatever of n is a problem of great interest and difficulty: 
such theory should admit of being treated in a purely algebraical manner; but the 
difficulties are so great that it was found necessary to discuss it by means of the 
. formule of the transcendental theory, in particular by means of the expressions 


involving Jacobi's q (the exponential of -7 ) or say by means of the q-transcendents. 


, 


Several important contributions to the theory have since been made :—Sohnke, “ Equa- 
tiones modulares pro transformatione functionum ellipticarum," Crelle, t. xvi. (1836), 
pp. 97—130, (where the modular equations are found for the cases n=3, 5, 7, 11, 13, 
17, and 19); Joubert, *Sur divers équations analogues aux équations modulaires dans 
la théorie des fonctions elliptiques,’ Comptes Rendus, t. XLVIL (1858), pp. 337—345, 
(relating among other things to the multiplier equation for the determination of 
Jacobs M); and Königsberger, “ Algebraische Untersuchungen aus der Theorie der 
elliptischen Functionen,” Crelle, t. LXXI. (1870) pp. 176—275; together with other 
papers by Joubert and by Hermite in later volumes of the Comptes Rendus, which need 
not be more particularly referred to. In the present Memoir I carry on the theory, 
algebraically, as far as I am able; and I have, it appears to me, put the purely 
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algebraical question in a clearer light than has hitherto been done; but I still find 
it necessary to resort to the transcendental theory. I remark that the case n=7 
(next succeeding those of the Fundamenta Nova), on account of the peculiarly simple 
form of the modular equation (1—w%)(1—v')=(1—w)’, presents but little difficulty ; 
and I give the complete formule for this case, obtaining them as well algebraically as 
transcendentally ; I also to a considerable extent discuss algebraically the case of the 
next succeeding prime value n — 1l. For the sake of completeness I reproduce Sohnke's 
modular equations, exhibiting them for greater clearness in a square form, and adding 
to them those for the non-prime cases n=9 and n=15; also a valuable table given 
by him for the powers of f(q); and I give other tabular results which are of assistance 
in the theory. 


The General Problem. Article Nos. 1 to 6. 


1. Taking » a given odd number, I write 


beg ew e E ST 
l+y 1+a\P+Qza/)’ 
where P, Q are rational and integral functions of 2°, P + Qa being each of them of 
the order 4(n— 1) or, what is the same thing, (1 +z)(P + Qv) being each of them 
of the order »; that is, 
n=4p+1, n=4p+3, 
Order of P in æ isp , p, 
> Q » p TT 1 ; p ; 


whence in the first case the number of coefficients in P and Q is (p - 1) - p, =1 (n +1), 
and in the second case the number is (p+1)+(p+1), =4(n+1), as before. Taking 


P — a pytt e +..., 


Q8 +Š + + ..., y 

the formula is 
l1-y_1-2</a-Br+ ya -—... Y 
kane Re 


the number of coefficients being as just explained. Starting herefrom I reproduce in 
a somewhat altered form the investigation in the Fundamenta Nova, as follows. 


2. If the coefficients are such that the equation remains true when we therein 


⁄ : 1 $ 
change simultaneously z into — and y into 


TŻ then the variables zx, y will satisfy 


1 
Ay , 
the differential equation 

Mdy da 


/1—34*.1—Xy V1-0.1— ka? 
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(ar a constant, the value of which, as will appear, is given by y 1425, and the 
problem of transformation is thus to find the coefficients so that the equation may 
remain true on the above simultaneous change of the values of a, y. 


In fact, observing that the original equation and therefore the new equation are 
each satisfied on changing therein simultaneously z, y into — , — y, it follows that the 
equation may be written in the four forms 

1- y=(1- æ)A (+) 1+ y=(1+ 28 (+), 
1-Ay =(1— ka) (+), 1 + M = (1 + ka) D? (+), 
the common denominator being, say Æ, where A, B, C, D, E are all of them rational 


and integral functions of #; and this being so, the differential equation will be 
satisfied. 


3. To develop the condition, observe that the assumed equation gives 


= Pi + 2PQa? + p PP, 


where A, B are functions each of them of the degree $(n—1) in æ. (Hence, if 
28 


with Jacobi + M. 


M 
mentioned.) 


denotes the value (y+#)z.., we have we +%) , =1+ as 
M i asd 


Suppose in general that U being any integral function (1, aż, we have 
* = (lee)? (1, za): 
ka? 
viz. let U* be what U becomes when z is changed into E and the whole multiplied 
by (Pa). 
Let y* be the value of y obtained by writing E for w; then, observing that in 


the expression for y the degree of the numerator exceeds by unity that of the 
denominator, we have 


2-15 
Y* = ta BF 
whence 
BIS NET. 
get ga 


and the functions A, Y may be such that this shall be a constant value, SN viz. 


this wil be the case if 
x BB* 


E 73e 


which being so, the required condition is satisfied. 
15—2 
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4. I shall ultimately, instead of b, X introduce Jacobi's u, v (u=Wk, v=V/X); but 
it is for the present convenient to retain k, and instead of X to introduce the 
quantity © connected with it by the equation A=kQ*; or say the value of Q is 
=% +u’ The modular equation in its standard form is an equation between w, v, 
which, as will appear, gives rise to an equation of the same order between u*, v; and 
writing herein v= Qu?, the resulting equation contains only integer powers of 4á, that 
is, of E and we have an Qk-form of the modular equation, or say an Ok-modular 
equation, of the same order in © as the standard form is in v; these Ok-forms for 
n= 3, 5, 7, 11 will be given presently. 


5. Suppose then, Q being a constant, that we have identically 


1 
Tropen Š"; 
this implies 
Q 
B= Ara A". 
(In fact, if 
A =a+ca" +... qa? 7? + sa”, 
$8 =b4+de2+...4+ ra + ta, 
then 


9[* = s + qk% +... +ch aos + aka", 
B=t + rk2% +... + d E7275 + bon, 


and the assumed equation gives 


1 k? KA po 
a= gie t, C Qm Poo 15 0d! d, $ = giie-» b, 
that is, 
b Q d Ok Ok Dies 
= pio > = pia D9 "= gu Ó = goa 
d therefore B=,2 q* 
and therefore = ge 4 a 
RU. x "yp apo ; orm 
From these equations AF = IS, that is, = z: 88 it should be; so that Q signifying 


as above, the required condition will be satisfied if only a B*; or substituting 


for A, B their values, if only 
(P: + 2PQa? + Gg = OFF) (P? + 2 PQ + Qj), 


where each side is a function of a? of the order +(n—1), or the number of terms is 
4(n+1), the several coefficients being obviously homogeneous quadric functions of the 
4+(n+1) coefficients of P, Q. We have thus 4(n+1) equations, each of the form 
U=0V, where U, V are given quadric functions of the coefficients of P, Q, say of 
the 4 (n+ 1) coefficients a, 8, y, 8, &c., and where Q is indeterminate. 
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6. We may from the 4(n+ 1) equations eliminate the J (n — 1) ratios a : B : y:..., 
thus obtaining an equation in Q (involving of course the parameter A) which is the 
Qk-modular equation above referred to; and then Q denoting any root of this equation, 
the 4(n+1) equations give a single value for the set of ratios a: 8 : y : 8 :..., so 
that the ratio of the functions P, Q is determined, and consequently the value of y 
as given by the equation 

1—y (1—2)(P-Qzy _ &(P* + 2PQ + Qa?) 


1+y (+e) (PEQ TT IT P+ Pe + Que ' 
The entire problem thus depends on the solution of the system of (n+ 1) equations, 
(P: + 2PQa? + Qax*)* = OKI") (P? + 2PQ + Qu). 


The Qk-Modular Equations, n=3, 5, 7, 11. Article No. 7. 


7. For convenience of reference, and to fix the ideas, I give these results, calculated, 
as above explained, from the standard or wv-forms. 


Ai k 1 
OH | +1 | =0 n=3: 
Q | -4 | ; 
Qe | +6 Q=1, we have —4(k —1?-0. 
o | + | | 
P | 
— £ +8 —4 
IA P Ë k 1 
o | -16 | + 10 | 1 
at | + 10 
dé | - 20 | Q =1, we have -- 16 (& — 1): = 0. 
o? | + 15 | 
Q | + 10 — 16 | 
METĘ P” IA PE RE 
| T 1 | 
— 16 + 32 —16 
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A k kt ks E k 1 


Q=1, we have 
—16(k—1) (44? + 8k + 1) (+ 3k+4)=0. - 


-64 -112 O +352 0 —112 -64 


— 32908 — 18656 — 1936 — 7876 — 1936 — 18656 — 32208 
+ 1408 + 8800 + 32736 + 40900 + 32736 + 8800 + 1408 


¡KI -— — O Z O ———  —IÑ=wT F Y _———— ee, — — 


— 1024 — 5632 — 30800 — 9856 + 30800 + 33024 + 30800 — 9856 — 30800 — 5632 —1024 + 94624 
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Equation-systems for the cases n=3, 5, 7, 9, 11. Art. Nos. 8 to 10. 
8. u=3, cubic transformation. k=w, 0 == (here and in the other cases). 


P=a Haf The condition here is 
kaa + (2a 8 + 82) = Ok ((a? + 248) + 8*2), 
and the system of equations thus is 
ka? = Of, 
2a8 + 9? = Ok (a + 2a8), 

and similarly in the. other cases; for these it will be enough to write down the 
equation-systems. - 

n= 5, quintic transformation. 


P = a +y, 'Q = 8. 
ka? = Oy, 


2ay + 2a8 + 8° = Q (2ay + 28y + (8), 
y + 2By = OF? (a? + 208). 
n=, septic transformation. 


P =a+ ye, Q = + 82°. 
kæ = 182, 


k (2ary + 2a8 + B?) = Q (y + 256 + 288), - 
y! + 2By + 2a8 + 288 = Nk (Zay + 28y + 2a8 + (8), 
82+ 2y8 = OI (a? + 228). 


n= H. enneadic transformation. 


P =a+ ya?+ ext, Q = 8 + òa. 
kæ = De, 


ke (Qary + 2a8 + 8?) = O (2ye + 268 + 8), — 
Que + y? + 2a8 + 2y8 + 288 = 0 (2ae + y? + 28 + 2eB + 289), 
Jye + 2y8 + 2e8 + 8! = QJ (Lay + 248 + 2y8 + B), 
© + 26e = O (a? + 248). 
n= 11, endecadic transformation. 
P = a + ya + er, Q = 8 +02 + Gat. 
ee Of, 
ke (2ary + 2a + 8?) = 0 (e? + 2e£ + 206), 
k (22e + y? + 2a6 + 28 + 288) = Q (2ye + 2yć + 25 + 288 + 67), 
Zoe + 2at + 28 + 2e8 + 28t+ 8 = Oh (2ae + y? + 2a£ + 28 + 2e8 + 280), 
e + Żyć + 268 + 286 = Oh? (2ory + 2ad + 2y8 + B°), 


2e€ +  — OF (a? + 2af). 
And so on. 
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9. It will be noticed that if the coefficients of P + Qe taken in order are 
a, Bo, p, Kë 
then in every case the first and last equations are 


jio g = No, 
2pa + o? = OK") (a? + 2a8). 
2 
Putting in the first of these k= w*, 0-7, the equation becomes 

ua? = vo", 
where each side is a perfect square; and in extracting the square root we may without 
loss of generality take the roots positive, and write wa — vo. 


This speciality, although it renders it proper to employ ultimately w, v in place of 
k, Q, produces really no depression of order (viz. the Qk-form of the modular equation 
is found to be of the same order in Q that the standard or uv-form is in v) and 
is in another point of view a disadvantage, as destroying the uniformity of the several 
equations: in the discussion of order I consequently retain Q, k. Ultimately these are 
to be replaced by u, v; the change in the equation-systems is so easily made that 
it is not necessary here to write them down in the new form in w, v. 


10. The case a=0 has to be considered in the discussion of order, but we have 
thus only solutions which are to be rejected; in the proper solutions a is not =0, 
and it may therefore for convenience be taken to be =1. We have then o= u” +v. 
The last equation becomes therefore 


u” LA) VEG. APA | 
A (2p + >) = 7 um (1 + 28); 


or recollecting that 8 is connected with the multiplier M by the relation RER + 28, 
that is, 
sut 
-yy-b 


and substituting for 1 + 28 its value, the equation becomes 


1 «w 
= H n — a — |! 
Ze e Lo 3 


n 
that is, the first and the last coefficients are 1, z: , and the second and the penultimate 
7 p 


coefficients are each expressed in terms of v, M. The cases n=3, n=5 are so far 
peculiar, that the only coefficients are a, 8, or a, 8, y; in the next case n=7, the 
only coefficients are a, 8, y, ó, and we have in this case all the coefficients expressed 
as above. 
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The Qk-form-—Order of the Systems. Art. Nos. 11 to 22. 


11. In the general case, an odd number, we have Q and $4(n+ 1) coefficients 
connected by a system of $(n+1) equations of the form 


adds 
where U, V,.., U”, V’,... are given quadric functions of the coefficients. Omitting the 
(Q =), there remains a system of 4 (n— 1) equations of the form prep or say 
ERAS "WI" yaad, 
lv, rm. 
which determine the ratios a: 8: y :... of the coefficients; and to each set of ratios 


there corresponds a single value of Q. The order of the system, or number of sets of 
ratios, is =4(n+1).230-—0, =(n+1).2!”-%; and this is consequently the number of 
values of Q, or the order of the equation for the determination of 0; viz. but for reduction, 
the order in Q of the Qk-modular equation would be =(n+1).2!-%. In the case 
n=3, this is —4, which is right, but for any larger value of n the order is far too 
high; in fact, assuming (as the case is) that the order is equal to the order in v of 
the wv-form, the order should for a prime value of n be =n+1, and for a composite 
value not containing any square factor be = the sum of the divisors of n. I do not 
attempt a general investigation, but confine myself to showing in what manner the 
reductions arise. 


12. I will first consider the cubie transformation; here, writing for convenience 


3 — 0, the equations give 
ke 1 : 
381^ KOF” that is, k*6* (0 + 2)— (20 -- 1).— 0, 
and 
k@ = Q. 


The equation in 6 gives (4*6* — 1)? — 46* (20: — 1):= 0, and we have thence 


k(02-1*-40(X0-1)? 20, 
that is, 
kO — 4420? + 6:0? — 4Q + k= 0, 


the modular equation; and then 4*6* — 1 + 26 (10: — 1)= 0, that is, Q* — 1 + 26(kQ — 1)=0, 


or =, which is zd say we have a = (?—1, 8=2(1— kO); consequently 


dea rra a sl 
1+y 1l-c-z|0*—1—2(kG —1)a]" 
1] «248 042 03—44048 
= (° > = — = ——n = — O —-- 
A = Mk, and 37 a 0 OS.) > 


which completes the theory. 
C. IX. 16 
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13. Reproducing for this case the general theory, it appears à priori that Q is 
determined by a quartic equation; in fact, from the original equations eliminating Q, 
we have an equation 


U', y' 


where U, U, V, V’ are quartic functions of a, 8; that is, the ratio a : 8 has four 
values, and to each of these there corresponds a single value of Q; viz. Q is deter- 
mined by a quartic equation. 


14. Considering next the case n=5, the quintic transformation; the elimination of 
Q gives the equations 


JAD RL 
UP 


where. U, U’, &c. are all quadric functions of a, 8, y. We have thence 4.44— 2.2, =12 
sets of values of a: 8 : y; viz. considering a, 8, y as coordinates in plano, the curves 
UV'— U'V 0, UW’— U'W 20 are quartic curves intersecting in 16 points; but among 
these are included the four points U=0, U'=0 (in fact, the point a —0, y — 0 four 
times), which are not points of the curve VW'— V'W=0; there remain therefore 
16—4, —12 intersections, agreeing with the general value (n + 1). 232-5. Hence Q 
is in the first instance determined by an equation of the order 12; but the proper 
order being — 6, there must be a factor of the order 6 to be rejected. To explain 
this and to determine the factor, observe that the equations in question are 


Ka? (2ay + ZBy + B°) — y Lay + 248 + 8”) = 0, 
Ka’ (a + 28) — Y (y + 28) =0; 


at the point a=0, y=0, the first of these has a double point, the second a triple 
point; or there are at the point in question 6 intersections; but 4 of these are the 
points which give the foregoing reduction 16— 4—12; we have thus the point a=0, 
y=0, counting twice among the twelve points. Writing in the two equations 8 = 0, 
the equations become key — a= 0, k*a*— oi — 0, viz. these will be satisfied if k*a’—y’*=0, 
that is, the curves pass through each of the two points (8 -—0, y= + ka), and these 
values satisfy (as in fact they should) the third equation 


ke (2ay + 2a8 + 8?) a (a+ 28) — y (y + 28) (2ay + 28 + 8?) = 0. 


It is moreover easily shown that the three curves have at each of the points in question 
a common tangent; viz. taking A, B, C as current coordinates, the tangent at the 
point (a, 8, y) of the second curve has for its equation 


A (Zen + 3028) kt + B (Ia — y?) — C (92 + 9928) = 0 ; 


and for 8 —0, y= + ka, this becomes 2kA + B (kF 1) + 20 = 0, viz. this is the line from 
the point (8 —0, y=+ka) to the point (1, —2, 1). And similarly for the other two 
curves we find the same equation for the tangent. 
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Hence among the 12 points are included the point (y=0, a=0) twice, and the 
points (8 —0, y= € ka) each twice: we have thus a reduction = 6. 


15. Writing in the equations y — 0, a=0, the first and third are satisfied 
identically, and the second becomes 8*= O*, that is, the equations give Q=1; writing 
B —0, they become 


ka = Qy, ay= Qay, y= OR, 


viz. putting herein y?=/*a*, the equations again give Q=1; hence the factor of the 
order 6 is (O — 1), and the equation of the twelfth order for the determination of Q is 


(0 — 1» (0, 1)) — 0, 
where (Q, 1)5=0 is the Qk-modular equation above written down. 


16. Reverting to the equation 


1-y (1 — z) (P —Qay 
1+y (1+2)(P + Qe)’ 


it is to be observed that for a=0, y=0, that is, P=0, this becomes simply y =a, 
which is the transformation of the order 1; the corresponding value of the modulus 
A is A =k, and the equation X — Q*%k then gives Q*=1, which is replaced by Q —1- 0. 


If in the same equation we write £=0, that is, Q= 0, then (without any use of 
the equation y'= la) we have y=x, the transformation of the order 1; but although 
this is so, the fundamental equation 


(P: + 2PQa? (em = Ok? (Pe + 2 PQ + Qu?) 


which, putting therein Q= 0, becomes (P?)* = OI*P*, that is, (k*z?a + y) = Qk (a + ya?), 
is not satisfied by the single relation Q — 1 —2 0, but necessitates the further relation 
y! = Pe, 


The thing to be observed is that the extraneous factor (Q — 1), equated to zero, 
gives for Q the value 2=1 corresponding to the transformation y=% of the order 1. 
17. Considering next n = 7, the septic transformation ; we have here between a, 8, y, Š 
a fourfold relation of the form i 
(UV T. Vw 'Z wo, 
lv, v, W, zi 
where, as before, U, U', &c. are quadric functions, and the number of solutions is here 
8,2, =32; to each of these corresponds a single value of ©, or © is in the first 


instance determined by an equation of the order 32. But the order of the modular 
equation is =8; or representing this by ((Q, 1)*}=0, the equation must be 


(0, 1)" (Q, 1) =0, 


viz. there must be a special factor of the order 24. 
16—2 
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18. One way of satisfying the equations is to write therein a—0, 8—0; the 
equations thus become 


kB? = Ov, 
| y +28y = Ok (2By + £); 
or putting 8, y=«, £', 
kas = 09^, 


B? + 2a 8 = Ok (2a' B' + a^), 


which (with a, 8” instead of a, 8) are the very equations which belong to the cubic 
transformation ; hence a factor is ((Q, 1)‘. 


Observe that for the values in question a —0, ó = 0, P = 'a?, Q = z, 
(P £ Quy — a? (4 + Bay, = = (P' +Quy, if P=a, Q=B, 


and therefore 
1-y 1l-«e (zz) 
l+y 1+21P4+Qz 


which is the formula for a cubic transformation. 


3 


19. The equations may also be satisfied by writing therein y= ka, ô= kB ; in fact, 
substituting these values, they become 


Kea? = 0185, 
Oksa? + k (248 + B?) = Ok? (a? + 2a8) + 208, 
Kea? + 9k (B+ 208) = 201 (42 + 208) + QL, 
le (B? + 2a8) = Qk (a? + 2a8); 


the first and last of these are 
ka? = OB", 


B* + 2aB = Ok (a? + 2a), 
which being satisfied the second and third equations are satisfied identically; and these 
are the formule for a cubic transformation; that is, we again have the factor ((Q, Un, 
Observe that for the values in question y= ka, ò= kg, we have P=4(1 + ka”), 
Q=PB(+ka*); so that, writing P'=a, Q' = 8, we have for y the value 


1-y (1-2)(P-Qay 
1+y (l+a)(P’+ Qa)’ 


which is the formula for a cubic transformation. 


20. It is important to notice that we cannot by writing a=0 or 8=0 reduce the 
transformation to a quintie one; in fact, the equation ka = Q8? shows that if either 
of these equations is satisfied the other is also satisfied; and we have then the 
foregoing case a — 0, ë= 0, giving not a quintie but a cubic transformation. 


And for the same reason we cannot by writing a=0, 8-0, y=0 or 8-0, y= 0, 
0=0 reduce the transformation to the order 1. There is thus no factor Q- 1. 
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21. As regards the non-existence of the factor OQ —1, I further verify this by 
writing in the equations Q=1; they thus become 
ka? = 8, 
k (2ay + 208 + B*) = y + Ży8 + 280, 
y? + 28y + 2a8 + 288 = k (2ary + 28y + 2a0 + B?), 
& + Żyd = I? (a? + 2a), 


which it is to be shown cannot be satisfied in general, but only for certain values of k. 


Reducing the last equation, this is yë = k'a, which, combined with the first, gives 
ay= 38; and if for convenience we assume a —1, and write also 0 — + Vk (that is, k= 6°), 
then the values of a, 8, y, 8 are a —1, 8 — 0-5, y —y, ó = 08%; which values, substituted 
in the second and the third equations, give two equations in y, 0; and from these, 
eliminating y, we obtain an equation for the determination of 0, that is, of k. In fact, 
the second equation gives 

02 (Go + 20? + y:0-*) = y? + 2,05 + Dry ; 
or, dividing by y and reducing, 
y (1 — 0%) = 20* (6* — 1) (6* — 0 + 1), 
y (1 + €?) = — 20* (0: — 0 + 1), 


or, as this may also be written, 
(y + 05) (1 + 6€?) 2 — 6° (0 — 1y, 


that is, 


that is, 


Moreover the third equation gives 
y! + 207? + 263 + 2y = 02 (2y + 270 + 20? + 9079), 
ry? (6: — 26° + 20 — 1) — 2 (y + 03) 6:(6* — 1)=0; 
or dividing by 6*— 1, it is 


that is, 


y (0 — 1) = 26 (y + 69); 


whence also 


— 207 
"gt "FS Se 
Also 
405(0? — 0 + 1» = y! (02 + 1), 
wherefore 
2(4-0+1?=-0(0+1) or 2(0 — 0 +1y+ 6(0*-- 1) 20, 
or 
0 (€ + 1» -2(0* — 8 + 1» —0, 
that is, 
20: — 30? + 66 — 30 + 2 = 0, 
or finally 


(26: — 0 - 1) (6 — 0 2) - 0. 
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We have thus (20?--1y — 0? that is, 46*+36*+1=0 or 4k*4+3k+1=0, or else 
(6? + 2) = 6, that is, 0*--30* --4 —0 or #+3k+4=0; viz. the equation in k is 


(442 + 3k + 1) (kè + 3k + 4) = 0, 


these being in fact the values of k given by the modular equation on putting therein 
B=]. 


The equation of the order 32 thus contains the factor ((O, 1)% at least twice, and 
it does not contain either the factor Q — 1, or the factor ((Q, 1)% belonging to the 
quintic transformation; it may be conjectured that the factor ((Q, 1) presents itself 
six times, and that the form is 

((Q, 1)5(0, 19 =0 
but I am not able to verify this, and I do not pursue the discussion further. 


22. The foregoing considerations show the grounds of the difficulty of the purely 
algebraieal solution of the problem; the required results, for instance the modular 
equation, are obtained not in the simple form, but accompanied with special factors of 
high order. The transcendental theory affords the means of obtaining the results in 
the proper form without special factors; and I proceed to develop the theory, repro- 
ducing the known results as to the modular and multiplier equations, and extending 
it to the determination of the transformation-coefficients a, 8, .... 


The Modular Equation. Art. Nos, 23 to 28. 


nK’ 
23. Writing, as usual, ge % , we have u, a given function of q, viz. 


erger EE 

14+q9.1+49.1+$<$. 
a T Sai a 
= V2q'f(q) suppose ; 


and this being so, the several values of v and i the other quantities in question are 
all given in terms of q. 


u= agi 


The case chiefly considered is that of n an odd prime; and unless the contrary 
is stated it is assumed that this is so. We have then m+ 1 transformations corre- 
sponding to the same number n+1 of values of v; these may be distinguished as 
Up, Vy, Uss ..., Un; Viz. Writing a to denote an imaginary nth root of unity, we have 


m-i n Hadr UP AT 
w-(—)* W398f(q", w —2(aq"jf(ag") v,—w92(aq")f (dg?) Ze, 
ETC 
m= EC e (q). 


n?—1 


(Observe (—) 5 =+ for n2 8p + 1, — for n = 8p + 8.) 
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The occurrence of the fractional exponent } is, as will appear, a circumstance of 
great importance; and it wil be convenient to introduce the term “octicity,” viz. an 


5 
expression of the form of Pia) (f=0, or a positive integer not exceeding 7, F(q) a 
rational function of q) may be said to be of the octicity f. 


24. The modular equation is of course 


(v — u) (v —v)....(v—v,)-0; 
say this is 
on — Av" + By — ... = 0, 


so that A =Xw, B= Xwv,, Ze, In the development of these expressions, the terms 
having a fractional exponent, with denominator n, would disappear of themselves, as in- 
volving symmetrically the several nth roots of unity; and each coefficient would be of the 


g 
form q8F (q), F a rational and integral function of q. It is moreover easy to see that, 
for the several coefficients A, B, C,...... , g will denote the positive residue (mod. 8) of 
n, 2n, Bn,... respectively. 


Hence assuming, as the fact is, that these coefficients are severally rational and 
integral functions of q, it follows that the form is 


qu + buI*® + cud +...., 


g having the foregoing values for the several coefficients respectively. -And it being 
known that the modular equation is as regards u of the order =n+1, there is a 
known limit to the number of terms in the several coefficients respectively. We have 
thus for each coefficient an identity of the form 


A - aw + bW... 


where A and u being each of them given in terms of q, the values of the numerical 
coefficients a, b,.. can be determined; and we thus arrive at the modular equation. 


25. It is in effect in this manner that the modular equations are calculated in 
Sohnke's Memoir. Various relations of symmetry in regard to (w, v) and other known 
properties of the modular equation are made use of in order to reduce the number of 
the unknown coefficients to a minimum; and (what in practice is obviously an important 
simplification) instead of the coefficients Xu, Xv», &c., it is the sums of powers Xv, Bw, 
&c. which are compared with their expressions in terms of u, in order to the deter- 
mination of the unknown numerical coefficients a, b,... The process is a laborious one 
(although less so than perhaps might beforehand have been imagined), involving very 
high numbers; it requires the development up to high powers of q, of the high powers 
of the before-mentioned function f(q); and Sohnke gives a valuable Table, which I 
reproduce here; adding to it the three columns which relate to dq. 
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1€QFLI691I + 
00609607 — 
0979696 + 
0099616 = — 
0244667 ES 
Felen = 
G9961 + 
0961 E 
066 + 
08 = 
I 


191671601 + 
62940986 — 
LYOF60Z + 
ZYTŁIJT = 
OLLEPE T 
61999 vs 
9LFTT * 
OLLI z 
606 + 
61 = 


$1681G918989 + 
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*18466024108 


8GI9c9T TELE 
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26. I give from Sohnke the series of modular equations, adding those for the 
composite cases n=9 and n=15, as to which see the remarks which follow the Table. 


v v v? v 1 
n = 3 
1 gm 0 -2 -1 z(v-ly(v-1) 
vê v v v v? v 1 
uf -1 n=5 
w EDS +4 AR VE 
wi Se BE clit cles AIM 
$ e Mo DIE ENE 
u? a me +5 LEA GE 
w EŃ acis DAME —4 DES 
1| «1 | Si. Bitur CH 
EE Db Ur EDS n5. 7-4 7 lg B) (0-1). 
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eiie e og gg e Macar MR we ster A 


n = 9. 

1 —8 +26 -40 +15 +48 -84 +48 +15 -40 +26 —8 +1 =(v-1)"(v+1)*. 
m= 11. 

F£ D 444 + 110 4 165.0132. 0 2182. — 160 — 110 —44 —10 4-1 =(o+l)"(e=1). 


17—2 
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n= 13. 
nas HD 
0 
+ 208 
+ 520 
429 
+ 429 
— 520 
+ 429 


— | | — I| — I d| | — | Ss — OV | ————— | An NN | | — OA 


— 208 


— U uU. | ——— A | | E |———— | EEE 


PEEK RA — mo J BN, D E, E D E, E, MÀ U. U U l 


0 


| 
1 +12 +65 +208 +429 +572 +429 O  -429 —572 —429 —208 —65 —12 —1 =(v+1)*(v-1). 
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Various remarks arise on the Tables. Attending first to the cases n a prime 
number; the only terms of the order n+1 in v or u are WH uH, viz. n=3 or 
5 (mod. 8) the sign is —, but n=1 or 7 (mod. 8) the sign is +. And there is in 
every case a pair of terms v”u” and vu, having coefficients equal in absolute magnitude, 
but of opposite signs, or of the same sign, in the two cases respectively. 


Each Table is symmetrical in regard to its two diagonals respectively, so that 
every non-diagonal coefficient occurs (with or without reversal of sign) 4 times; viz. 
in the case n=1 or 7 (mod. 8) this is a perfect symmetry, without reversal of sign; 
but in the case n=3 or 5 (mod. 8) it is, as regards the lines parallel to either diagonal, 
and in regard to the other diagonal, alternately a perfect symmetry without reversal 
of sign and a skew symmetry with reversal Thus in the case n= 19, the lines parallel 
to the dexter diagonal are — 1 (symmetrical) +114, — 114 (skew), 0, — 2584, — 6859, 
— 2584, 0 (symmetrical) and so on. The same relation of symmetry is seen in the 
composite cases n=9 and n = 15, both belonging to n=1 or 7, mod. 8. 


If, as before, n is prime, then putting in the modular equation w=1, the equation 
in the case n=1 or 7 (mod. 8) becomes (v—1)+"=0, but in the case n=3 or 5 
(mod. 8) it becomes (v + 1)" (v — 1) 2 0. 


27. In the case n a composite number not containing any square factor, then 
dividing n in every possible way into two factors n=ab (including the divisions n.1 
and 1.2), and denoting by 8 an imaginary bth root of unity, a value of v is 


1 a 


+ 3 (805) (Bq?) 


so that the whole number of roots (or order of the modular equation) is =», if v be 
the sum of the divisors of n. Thus n = 15, the vaiues are 


V V f(g), NE E) —v2g FFG), V3grs tf (grs) 
1 ; 3 j 5 i 15 roots; 


and the order of the modular equation is = 24. The modular equation might thus be 
obtained as for a prime number; but it is easier to decompose « into its prime 
factors, and consider the transformation as compounded of transformations of these 
prime orders. Thus n=15, the transformation is compounded of a cubic and a quintic 
one. If the v of the cubie transformation be denoted by 0, then we have 


6* + 205 — 20u — ut=0; 


and to each of the four values of 6 corresponds the six values of v belonging to the 
quintic transformation given by 


og + 40505 + 5v*9? — Au — 4v0 — 0° = 0. 


The equation in v is thus 


(v8 + Aug +... — 6,5) (5 +..— 05) (v' +... — 065) (6 +.. — 05) — 0, 
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where 6,, 6., 6,, 0, are the roots of the equation in 6, viz. we have 
6: + 20? — 20u — ut = (0 — 0) (0 — 0.) (8 — 06) (6 — 0,) ; 


and it was in this way that the equation for the case m= 15 was calculated. Observe 
that writing w=1, we have (0--1)(0—1)—0, or say 6,=6,=6,=—1, 6,=+1. The 
equation in v thus becomes ((v— 1) (v+ 1) (v + 1) (v — 1) 2 0, that is, (v — 1)'* (v +1) = 0. 


28. The case where » has a square factor is a little different; thus n=9, the 
values are 


V3g*f(q), — ak: Zeta), vet), 
1 ; 3 e 9 , roots; 


but here w being an imaginary cube root of unity, the second term denotes the three 
values, 


V3g*f(q, N2(qo)*f(vq), V2 (eq) f (aq, 


the first of which is =u, and is to be rejected; there remain 1+2+49, — 12 roots, or 
the equation is of the order 12. 


Considering the equation as compounded of two cubic transformations, if the value 
of v for the first of these be 0, then we have 


0 + 203? — 28u—u'=0; 


and to the four values of 6 correspond severally the four values of v given by the 
equation 
vt + Zug — 2v0 — 0* = 0. 


One of these values is however v=— u, since the v@-equation is satisfied on writing 
therein v=—u; hence, writing 


6: + 20 — 28u — ut = (0 — 6,) (0 — 6,) (0 — 0,) (0 — 0,), 
we have an equation 
(vt + 2500? — 200, — 05) (v +. . — 05) (v* +. . — 06) (v -..— 03) = 0, 


which contains the factor (v--w) and, divested hereof, gives the required modular 
equation of the order 12; it was in fact obtained in this manner. 


Observe that writing w — 1, we have (0-- 1) (0—1) — 0, or say 0,20,—0,-—1, 6,=1; 
the modular equation then becomes 
((v — 1y (v 4- L) (v 1) (v— 1) (v + 1 — 0, 
that is, 
(v — 1)" (v + 1? = 0. 
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The Multiplier Equation. Art. No. 29. 


29. The theory is in many respects analogous to that of the modular equation. 
To each value of v there corresponds a single value of M; hence M, or what is the 


same thing E: is determined by an equation of the same order as v, viz. n being 


prime, the order is =n +1. The last term of the equation is constant, and the other 
coefficients are rational and integral functions of a, of a degree not exceeding 3 (»— 1); 
and not only so, but they are, » = 1 (mod. 4), rational and integral functions of w(1—w), 
and « 23 (mod. 4), alternately of this form and of the same form multiplied by the 
factor (1 — 2u5). 


The values are in fact given as transcendental functions of q; viz. denoting by 
M,, M,, M,, ..., M, the values corresponding to Vo, %, v,,..., Un respectively, and writing 
¿ga (1 o q) (1 - g) (1 g?) ... (1 — g) (1 — 9 (1 — 9)... 
(179)0—-9)0—-9)...(0 9) (1 9) (1 +... 
=1 + 2q + 2q* + 29 + 29 + ..., 


then we have 


yO? #@ 


TUN. ME 
M,- tUm .(a an imaginary nth root of unity) 

$^ (aq) 

Mer , 

$'(q") 


Hence, the form of the equation being known, the values of the numerical coefficients 
„may be calculated; and it was in this way that Joubert obtained the following results. 
I have in some cases changed the sign of Joubert's multiplier, so that in every case 
the value corresponding to u=0 shall be M = 1. 


The equations are: 


n = 3, Jf u= 0, this is 
1 1 s/1 
kh P r7 2) EE 
1 d. 
+3:76 u= 1, it is 
1 1 3/1 
£y. 80-20) (3*1) (7-3) =0. 


-3=0. 
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n = 5, Se 
1 
+ zy 10 
1 " 
+ * 35 
1 
+37 DU 
i + 55 
EE 
: (lut 
M 26 + 25605 (1 — u*) 
4-520. 
1 
nw T, M 
1 
+ 77°? 
1 
+ 3p:7 28 
+1 41121 -2w) 
Lu 
1 
+ 1:224 (1 — 2w) 
M 
1 
+ z: 7 140 — 21. 256w (1 — u°) 
+1. (48 + 204816 (1 — w) (1 — 2w) 
+7=0. 
nos 11, ys 
1 
+y: 0 
É 
1 
+ JF . + 440 (1 — 205) 
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w-0 or 1, this is 


u = 0, this is 


DEE 


us 1, it is 


EI 1) Lo T 7) TATĄ 


u=0, this is 


CE 1)" (art 11) =0; 


1 ns] 
gd) ER 
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+ jp -— 1485 
1 

+ gp -+3168 (1 — 2) 

+ -— 4620 — 3. 115. 256) (1 — w) 

+ Pa: „(+ 4759 + 11. 4096u* (1 — u8)] (1 — 208) 

t . — 8465 — 3.7. 11. 51248 (1 — a) 

t 3 {41760 + 11.83. 2048u (1 — w)) (1 — 21) 

+s , — 594 — 9.11.37. 256u°(1 — v) — 8.11. 131072 [us (1 — uy] 


+ ap {120 +15. 4096u8 (1 — u*) — 524288 {u (1 — us)}3} (1 — Zu 


—11=0. 


The Multiplier as a rational function of u, v. Art. Nos. 30 to 36. 


30. The multiplier M, as having a single value corresponding to each value of v, 
is necessarily a rational function of u, v; and such an expression of M can, as remarked 
by Königsberger, be deduced from the multiplier equation by means of Jacobi's 
theorem, 


m=} X (1—»» dk. 
"mn k(1— Kk?) da? 
viz. substituting for b, X their values u*, v, and observing that if the modular equation 
be F(u, v)=0 se that the value of se is =— F' (v) + F” (u), this is 
A 1 (1-v)vF'v 


mn (Í — 5 uku’ 

and then in the multiplier equation separating the terms which contain the odd and 
even powers, and writing it in the form @(M°:)+ MY (M°) = 0, this equation, substituting 
therein for M? its value, gives the value of M rationally. 


The rational expression of M in terms of u, v is of course indeterminate, since 
its form may be modified in any manner by means of the equation F(u, v)=0; and in 
the expression obtained as above, the orders of the numerator and the denominator are 
far too high. A different form may be obtained as follows: for greater convenience I 


seek for the value not of M but of 7 
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31. Denoting, as above, by M,, M,,..., M, the values which correspond to v, v,, ... , Un 
i ET EIL I 1 1 v 
respectively, and writing S—~=-~ + zę +...+ 37, &e, we have S —, S—, e. all of 
p 7 5 M M, M, M, M c a O 
them expressible as determinate functions of w; and we have moreover the theorem 
that each of these is a rational and integral function of w: we have thus the series 
of equations 


1 v = 
Sa^ Sr = B, mo S y = 1, 


where A, B,...,H are rational and integral functions of u. These give linearly the 


different values of E in fact, we have 


M 
(w — wi) (nw) yr = H — GSy, + FSv — ... + AY... Un, 
0 


where Sw, Sv,v,, &c. denote the combinations formed with the roots 2, v,, ... , v, (these can 
be expressed in terms of the single root v); and we have also (v, —$) ... (n, fals F" (v): 


the resulting equation is consequently Fug = R(u, v), R a determinate rational and 
0 


integral function of (u, vw); but as the same formula exists for each root of the modular 
equation, we may herein write M, v in place of M,, v,; and the formula thus is 


Fo. a R (u, v), 


viz. we thus obtain the required value of y as a rational.traction, the denominator 


being the determinate function Ain, and the numerator being, as is easy to see, a 
determinate function of the order % as regards v. 


32. The method is applicable when M is only known by its expression in terms 
of q; but if we know for M an expression in terms of v, w, then the method trans- 
forms this into a standard form as above. By way of illustration I will consider the 
case n=3, where the modular equation is 

v + Zu? — 2vu — u = 0, 


: 
and where a known expression of M is += 1+ = Here writing S_,, S, (= 4), S, &c. 


to denote the sum of the powers — 1, 0, 1, &c. of the roots of the equation. we have 


S > =Ñ, + 2w8.,, =0 , as appears from the values presently given, 
Sa S, + 99S, , = we, 
Sy=S+2WS, ,-0 , 
Sy - S Sub, , 26u; 
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and observing that v, being ultimately replaced by v, we have 


Sv, = S», — v, Suv, = Suyu, — USO, + v, vvv, = Svo, — VEV + v,Sv, zë, 
that is, 
Sv, = — 2u —v, Suv = 2wv + v, vvv, = 2u — Zu? — v, 
we have 
Fv. = (S+ mes) 
+ (2i? + v) (S, + 2498,) 
+ (2u% + 9?) (S, + 2u38,) 
+ (— 2u + Zu? + v9) (S, + 2038. .,), 
viz. this is 


2 (2 + Buu? — u) > = AA 


+ 0% (S, + 4488, + 4u%S_,) 
+ v (S, + 4488, + 4usS,) 
+ (S; + Aë, 4068, — 2uS, — 4u4S_,). 
But we have 
Sick ed Bec Hie ma PME 


us? 


and the equation thus is 


(20 + 3v?u? — u) ję =3 (e +2 +1)u; 


[578 


3 
to verify which observe that, substituting herein for X its value 14 M the equation 


becomes 
(20? + 8v? — u) (v + 2u?) — Bvu (vu? + 2wv + 1)= 0; 


that is, 
2v* + 40990 — Ann — 2u* = 0, 


as it should do. 


33. Any expression whatever of M in terms of u, v is in fact one of a system 


of four expressions; viz we may simultaneously change 


that is, signs are 


1 
w v H n=1 n=3 n=5 | n=7 (mod. 8) 
4 
gl n=l 
mo, (—) u, (—) 3. mM: IAEA ALAS Sime qr seen 
1 ví 
or -, =, —: | + ++ ttt|++ + + + + 
u wM 
1 1 Zu 
W. (e) E RED e | Spree E EWA Goen 
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3 
Thus n=3, starting from gole , we have 
1 2u? Zug vi 2v us 2u 
SU AST WE tue cs Mtm 


and of course if from any two of these we eliminate M, we have either an identity 
or the modular equation; thus we have the modular equation under the six different 


forms : 
(1, 2) (v + 2u*) (u — 29) + 3w = 0, 


(1, 3) v? (v + 2u*) —u (wi 4-2v) = 0, 
(1, 4) (v + 2u*) (v — 24) + 3⁄4 = 0, 
(2, 3) (u — 29) (u + 2v) --9v* = 0, 
(2, 4) v (w — 2u) ug (u — w°) = 0, 
(3, 4) (u? + 2v) (9? — 2u) + Buy = 0. 


; 1 V — 4 i 
34. Next n=5. Here, starting from niż w) the changes give 


u+ vi v? (v — w) “= u? (u + 99) 


1 v—u? 
a OM oe v um)" 


v (1 — us)” —u(l+aun)' uM wl—w)’ w 
viz. the third and the fourth forms agree with the first and the second forms respect- 
ively; that is, there are only two independent forms, and the elimination of M from 


these gives 
Bun (1 — wv?) (1 + wv) — (v — w) (u + w) = 0, 


which is a form of the modular equation. 


1 -T7u(1—wv)(1 -w+ uv) 


35. In the case n= 7, starting from ^m ok (as to this see 


post, No. 48), the forms are 
— Tu (1 — w) (1 -w + w^) 
wu 


Wl 


— Tu (1 —w) (1 — uv + wv) 
vw 


— TM = 
vo — TV (1—w)(1— u + uv) 
wM ` u (u — v) 


— Tu: (1 — w) (1 — w+ w^) 


V ou 
o T v? (v — w) 


so that here again the third and the fourth forms are identical with the second and the 
third forms respectively; there are thus only two forms, and the elimination of M gives 


(u — v) (v — w) + Tuv (1 — wy (1 — uv + vv’)? = 0, 


which is a form of the modular equation. 
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36. If in the foregoing equation 
Fv. T= Bin v), 
we make the change u, v, > into v, +u, +nM, it becomes 
iFu.nM=R(o, tu) 


combining these equations, we have 


Fu Rio, tu). 
tek yp ae E (u, v) ” 


or, substituting herein the foregoing value 


1 (1 — 2) vF'v 


d piu LN A E i 
"e n (1 =w) uku’ 
this becomes 
- 0(1-%) Riv, tw) + for n=3 or 5 (mod. 8), 
u(l—w) Ru, v) — for n 21 or 7 (mod. 8), 


which must agree with the modular equation. Thus in the last-mentioned case n = 3, 
we have 


4F'v. L = 3 (wu + 2u*v + 1) u, 


or, say 
Ru, v)= (vu+2wv+l)u, 


and therefore 

R(v,-u= (wvw-—2w-4t1)v; 
the equation is 
oli (ww — Zug +1) u 


tu(lzw) (Pu + 2v 1) a’ 


which is right; because Jacobi, p. 82, [Ges. Werke, t. L, p. 137], for the modular equation, 
gives 
1-6=(1-uv)(vu+2wv+1), 1-—w-(1-—awv)(vu-—2w + 1). 


Observe that the general equation 


L9(01—9)  R(w tu) 
TA w) ` Ri, v) 


no longer contains the functions F’v, F'u, which enter into Jacobi's expression of Me, 


Theorem in connexion with the multiplication of Elliptic Functions. Art. Nos. 37 to 40. 


37. The theory of multiplication gives an important theorem in regard to trans- 
formation. Starting with the nthic transformation 


1-y Leg (EG lib (ZI 
l+y l+z la+Br+ya+..)? — l2 VP +Q] ” 
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we may form a like transformation, 
Ls (ple - (Eg) 
Lis 1l1+yla+By+tyy+../ — liy \P+Qy/’ 


such that the combination of the two gives a multiplication, viz. for the relation 
between y, z, deriving w from v as v from u, we have w=u; and instead of M we 


have M, = + E that is, we have 
nM 


O 
Vl-a.1-ue Vl-y.1l=vy" 
dy NEA LSC 
VI-y.1-vy VN1-2.1—uz” 
and thence 
1 
Mali M MM o 
V1—a.1—w&m VI-2.1-u2ż' 
n-1 
or, writing z—snÓ, we have 2=+snn0; + is here (—)* , viz. it is — for n z3 or 


7 (mod. 8), and + for n=1 or 5 (mod. 8). 
Now in part effecting the substitution, we have 


a= ise brew (Pre) 


3 
where y denotes its value in terms of z. 


And from the theory of elliptic functions, replacing snnó, sn d by their values 
t2, v, we have an equation 


1-2 _1—z/A— Bz + C2 — Ai 
Ee Ee p^r : 


where A — Bei Ca? —..., A+ Be + (a*+... are given functions each of the order 
4(n*—1); viz. the coefficients are given functions of b, or, what is the same thing, of w*. 
Comparing the two results, we see that in the nthic transformation the sought-for 
function, a+ Bæ + ys +... of the order 4(n-—1) is a factor of a given function 
A+Ba+ C2? -... of the order à (n* — 1). 


38. Considering the modular equation as known, then by what precedes we have 


B u^ 
& 4- Bz ya? ...= 41 + ateta an»: 
: "n 
that is, the given function A+Bx+Cx* +... has a factor 1+ Ez Te + = akin), of 
"n 
which one (the last) coefficient = is known, and we are hence able theoretically to 


C. IX. 19 
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determine all the other coefficients rationally in terms of w, v; that is, the modular 
equation being known, we can theoretically complete the solution of the transformation 
problem. I do not, however, see the way to obtaining a convenient solution in this 
manner. 


39. The formula in question for n=3 is 


1+sn 30 _1—sn8/1+2sn | UE 
A Wen ! 


which, putting therein æ — sn 0, z= — sn 30, and replacing k by +ë, may be written 
1 + z (=) = (1 + z) (1 — 20 + 2ua? — ust)? (+), 


where the signs (+) indicate denominators which are obtained from the mumerators by 
changing the signs of z, x respectively. 


3 
The theorem in regard to n=3 thus is, 1 +20 is a factor of 1-—2x+ Zut — wz"; 


viz. writing in the last-mentioned function æ = -5 we ought to have 
0=1422-H MG) 
Y u w 
that is, 


ut + 2uv — Zu? — v = 0, 
which is in fact the modular equation. 


40. And so for n=5, if z=sn0, z=sn 50; and for n=7, if =sn0, z=—sn70; 
the formule are :— 


n=5, % = T, 
1+z=(1+2)Í 1 1+z=(1+2){ 1 
(+) + 2 g (+) _ 4 u 
— 4 a? > a? 
— 10u8 a? + 4(2+ Tu) a? 
+ Bu z | — 14u? a 
+ Jai? (3 + 205) a? — 28u (3 + 2u!) a? 
+ 4u (1— 145) a* + 28u5 (4+ u) a? 
— 4u8 (2 + Bu) a? + 40° ( 16+ 5lu+ Bug ag 
— 5u a — u (144+ 30568 + 1609) a? 
+ 10w a? — 84 ( 44+ 25u8+ 164226) a? 
+ 4u” a + Su ( 8+ 5łluw+ 464%) q 
— 24% mn +560( 2+ w) gu 
— u” qu -> — 4w*( 56 --161w + 56w»)24" 
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Term in í } has factor + 56u” (1 + Qué om 
Bw 
i+ c pr as + 8u*( 46+ 57w+ Bag at 


— 8w*( 16+ 24 + Aug) alt 


u=1, term in | } is —  w*( 16+ 305u + 144006) a 
=((1 + z) (1 - ay. + 4u%( 8+ 5lu 4 16" a? 
+ 28u*( 1+ 445) ei 
— 28u*( 2+ 335) aq? 
— 14u* a 
+ Amt T+ w) af 
— 445 qa 
— 4u* qa 
+ us ann 
(+) 
Term in í } has factor 
1 kË ei Y gi os 
a T. 


u=1, term in [ ] is (1 +a)! (1 — z^. 


The transformations n = 3, 5, 7, 11. Art. Nos. 41 to 51. 


41. The cubic transformation, n = 3. 


I reproduce the results already obtained; since there are only two coefficients a, £, 
these are also the last but one and last coefficients p, c. Hence, from the values of 
a, B, p, z, we have | 


PEL u 
ges 1, 2a= LSC 
1 uw ` 
28 en M - 1, B "e 
1 1 u, u Au roda 4 
the two values of jr are thus qe 2 hi" ale 1 +, > giving the modular equation 


vi + wu? — Zou — 45-0; 
and we then have 
PES REA (re) 
l+y l+z lv+uz) ` 
19—2 
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42. The quintic transformation, n = 5. 


Here there are the three coefficients a, 8, y, or 8, y are the last but one and 
last coefficients p, a; we have 


a = 1, 28 - (3-5), 
28=>3-1 y=”. 
Comparing the two values of 8, we have x etum and then 
Got eege w 


so that only the modular equation remains to be determined. 


The unused equation is 


2 
Zen + 2aB + B* = = (2ary + 28y + 6), 


which, putting therein a — 1, may be written 
(2y +8) (u? — v) = 28 (qv — w); 
attending to the value of 8, this divides by u*—v*; in fact the equation may be written 


pg — eg — 4); 


and then completing the substitution, and integ-alizing, this becomes 


[8vu? (1 — vu)? + (v — u?) = Aan (a + 9?) (1 — wv) (1 — w”), 
viz. this is 
4 (1 — vu) uv (2w? (1 — u) — (v? + v?) (1 — uw)) + (vf — u) =0; 


and the term in { } being =-— (v — w»)(1--vw), the whole again divides by v*— w, 
and the equation thus becomes 


(v? + u) (vt — w) — 4uv (1 — Pu) (1 + vw?) = 0, 
which is the modular equation. 
43. The septic transformation, n= 7. 


I do not propose to complete the solution directly from the fundamental equations 
for a, B, y, 6, but resort to the known modular equation, and to an expression of M 
which I obtain by means thereof. 


The modular equation is 


(1 — 45) (1 — 25) — (1 — wv) = 0, 
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which may also be written 
(v — w) (u — 7) + Tuv (1 — uv? (1 — uv + uv) = 0, 
as can be at once verified; but it also follows from Cauchy's identity 


(c yy — 2 — = Toy (z y) (à? + ey + yy. 
We then have 
__1(1-v)vFv 
a n (1-w)uFf'u' 
Moreover 


uF’u = — u (1 — v’) + w (1 — uv) 
—w 1 8 7 
gi ene A — uv) + w (1 — uv) 


LL. — wy 


l1 u (v — w); 
and similarly 
ros 7 
F'u= cS -— v (u — v), 


whence 
1 Tu (v — w) 


M v uv 


Writing this under the form 


1 ¿Two (rcu) (u=) 1. Ap (1— y (1 —ue + ey 
M: wv (uv > > (u — y , 


I find, as will appear, that the root must be taken with the sign —, and that we 


thus have E = _ Tu (1 — w) (1 — uv + wv) R whence also M = ( — u) I — w vr) x 
M u—v $a 


44, Recurring now to the fundamental equations for the septic transformation, the 
coefficients are a, 8, y, 8, and we have 


a=1, 2y = wels 
28=3-1 ECKER 


so that the coefficients are all given in terms of v, M. The unused equations are 
uf (2ay + 2a + B?) = v (y? + 2y8 + 288), 
ur? (of + 28y + 2a8 + 288) = u (2ay + ZBy + 2a8 + 87), 


which, substituting therein for a, 8, y, Š the foregoing values, give two equations; 
from these, eliminating M, we should obtain the modular equation, and then M in 
terms of u, v. 
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Substituting in the first instance for a, 8 their values, the equations are 
7 
w GB 2y e gy 0 Ie 2T (en) 


7 7 
Y + 28y + (2 28) — = ut ën ig +25 +e}. 
The first of these is 
" 2 
4 (1 — w) (28 + 2) + 48: — ky = 0, 
viz. this is | 
1 ww w i a A 
lr) + (3-1) -* (r7) =0 
or observing that in this equation the coefficient of 3 is 


(1 — wv") (2 — 2uv + 2202 — 1 — uv], 
=(1 — aw) (1 — w), -(1-—wy(1-F-w), 
the equation becomes 


(1-0) + ott — uy (1 + w) + 1 — u — 4 (1 — w) (1 +5)=0. 


45. This should be satisfied identically by the foregoing value of + ; viz. it should 


be satisfied on writing therein 


1__Tuv=w 
M è vu- 

1_ Tu(l-w)(l=w+ u"), 
M EEN i 


that is, we should have 
- 7 (o—w)ü-v)- 14u (1 — uv) (1 + uv?) 
w 
+ (u — v’) (1-1 -4(1= 00) (1 dE 
where observe that the — sign of the second term is the sign of the foregoing value 
of a so that the identity being verified, it follows that the correct sign has been 


attributed to the value of a 


46. Multiplying by v, the equation is 
-7(1-6-1-w)(1 — z) — 14w (1 — uv) (1 + u?) 
+1-%-1- w) [-8(1—w)+1—= u} +4(1 — w) (v—v)(u-v)=0, 
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viz. this is | 
— 7 (1 — w8) (1 — v8) + 7 (1 — uv) (1 — $5) — 14wv (1 — w): (1 + uv?) 
+ (1—w9)(1—-9$9)—8(1—w)(1—w)-* 8 (l-wy 
-1(1-w)(1-w)+ 4 (1—u)(v— w)(u— v) 0. 
In the second column the coefficient of 1— w is 2— u8 — v, viz. this is 
=(1 — w) (1—0)+1-—(uwY, or it is = (1 — u%)° + 1 — (w). 


Reducing also the other two columns by means of the modular equation, the equation 
thus becomes 


— 6 (1 — wv) — (1 — w) ((1. — w) + 1 — (uvy] — 14w (1 — w): (1 + wu?) 
+ 8 (1-w) 
— 28uv (1 — uv (1 — w + wv")? = 0. 


This is in fact an identity; to show it, writing for convenience 6 in place of w, 
and observing that the terms 


- (1— 0) (1 — 69) 4- 8 (1 — 0), 
(1 — 0y (8 — (1 + 0 + 0* + 0* + 0* + 0* + 05 + @)} 


(1 — 0y (7 + 60 + 50? + 40° + 30* + 26° + 65), 


the whole equation divides by (1— 0}; or throwing out this factor, it is . 
—6(1— 0y — (1— 0y + 7 + 60 + 50? + 40 + 30* + 20° + 0^ 
— 140 (1 — 0) (1 + 05 — 280 (1 — 0 + 62 = 0. 


The first line is = 140 (3 —50--60? — 36*+6*); whence, throwing out the factor 
140, the equation is 


3 — 50 + 602: — 344 0: — (1 — 8)(1 +69) — 2 (1 — 040», 
that is, 
(1—0+0)(3—20+0)—(1 -60)(1—0+0)-2(1 -0+0)y=0; 


or throwing out the factor 1 — 0 + @, the equation is 

(8 — 20 + 02) — (1 — 02) — 2 (1 — 0+ 02) = 0, 
which is an identity. 

The other equation is 

UN u 
| Y+ 28y+ (2+ 98) = wv (27 +28y+27 +87); 
that is, 

š w . 
op + 28y UB + 2 (1 + B) (mew) = uty 0, 


which might also be verified, but I have not done this. 
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47. The conclusion is 


a=.1, 8- (y -1). y- ev (rg): 8-7, 


where 
1 _ —7u (1 —w%) (1 — wv + u°) 
W uv : 


S| 


and of course 


1-y Leg d 2 g)> 
rnis UO (T d 


but the resulting form may admit of simplification. 
48. The endecadie transformation, z = 11. 


I have not completed the solution, but the results, so far as I have obtained 
them, are interesting. The coefficients are a, 8, y, 8, e, £; and we have, as in general, 


4 
Seck 2e= we (yy), 
1 u?! 
28=3 71 bard: 


The unused equations then are 
u (Lay + 2a8 + 82) =v? (e + Żeć + 206), 
W (y? + Zoe + 2a8 + 2By + 288) = v? (2ye + Żyć + 20€ + 28E + 0”), 
u”? (2ye + 2a + 258 + 28e + 28€ + 6?) = v? (s? + 2ae + 2a6 + 28 + 28e + 2,88), 
uv (e + Wy + We + 28€) =v? (ary + 2ad + 28y + 9") ; 
but I attend only to the first and the last, which, it will be observed, contain w, Š 


linearly. If in the first instance we substitute only for a, £ their values, the equations 
become 


Ho A 
wB B) ee 27) + u: , Ży — w , 2ó = 0, 
- v? Log T MEA E ER 
we E in + 5-6 0+9|-2r+ yz a UE 28620; 


say, for a moment, these are 
A-4-P.2y -Q. 282 0, 
B + R.2y+ Š. 26 = 0, 
giving 
1:2y : 202 PS-QR : QB-SA : RA — PB. 
Here 
PS- QR=" + ec um ew we +£) 


= Ee 1 u" = 10, 799 — wi v) 
AE + (we y) 240002 + 208 — Zwi (ve wh? |ę, 
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where the terms containing > disappear of themselves, viz. this is 
yA 
= 1 (5 — Zait + 2u5 — we) 
Hu 
- — $5, W + 20% — wu — w); 
observe that the term in ( ), equated to zero, gives the modular equation for the 


case n=3. It thus appears that y and 8 are given as fractions, having in their 
denominator this function w+ Zw — 2u** — vt. 


49. 'To complete the calculation, we have 


= {wre (2 vg else ai LZ, Ai 
viz. multiplying by 8, and substituting for 28, 2e their values, this is 
8(QB — AS) = — Zu or FZ =) A "E 1)! 
TEE 
or, what is the same thing, 
O) 
+ ar) Girt leiw Alle +35) (n t) 
viz. the left-hand side is 
=2 Let wei a 2y (1 ul qee 


lw v) yy -ww)- sa-w) fy +u (u— -»); 


or, say we have - 3 QB- 84) - TI, where 
I = —.v(1-“) 
qnot (u Sei — 9) 
yL A Amt — 308) -- Auen + Zu 


M 


+ .—2+ 6% (1 —u%)+u(-3 + 54?) ; 
20 
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wherefore the value of 2y is = II + (vt + wu? — 2vu — ut). Similarly, writing 


f 1 


+ o- 20)0 — 9 


+ 4 . dv” + v* (8 — w) + 4w — 2u** 


+ vt (— 5 + 3u2) + 6vu (1 — u!) + 2u”, 
we find | 
26= 1E TI = (ot + 2? — Zo — w); 


in verification whereof observe that this being so, the first equation gives the identity 


1 1 \ 1 us 1 SCH A $53 Su i ZER 
(r-") (a3) (15) (Get ae) 620 mn - T= 0, 


50. The result is that, writing for the moment vt + wu? — wu — ut — ^, the values 
of the coefficients are 


a, Si ze MW Ae e Hy MY 


-1 Abel e (De Parm) ve 
and 
1-y 1-2 /(1— Bat ya? — Š2 + ext — ba^ 
meri E pee 


the modular equation is known, and to complete the solution we require only an 
expression for M in terms of u, v. 


51. We may herein illustrate the following theorem, viz. we may simultaneously 


1 : 1 1 pk 
change u, v, 7, a: Biy:8:e: 6; into 7,7, 533p 6:16:81 y: hia 


Thus making the change in the equation 
Sele 
SE 
v 1 


¿ar t) that is, aT rz) rA ar?) 


we have 


which is right. 


So in the equation TE , if for a moment (II), (A) are what II, A become, the 
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ETE Mu UU pod EE . (I LAS) io " ^ 
equation 18 t'y ps 18, " A (Ay or (ID 7; Or ; but obviously Oe 
and the equation thus is M=- IV, or say w*»*(II) 2 — II'; that is, 
"2 Wd; | 1 


E 


which is right. 


The general theory by q-transcendents. Art. Nos. 52 to 71. 


52. I recur to the formula 


La 1—z /a— Bz + ya + . + ees) 
l+y 1+e d. UE 


and seek to express the ratios a : 8 : ... : o in terms of q. Writing with Jacobi 


mK + m5K' 
p rirka 


we have in general 
oe (tay (ea it) 
a+ Bz + ya? +... + oa aj Gy" ET ate oe at ann le : 


(snc =sin co am; viz. snc 2w = sn (K —2o), &c.) ; 


and the values of a, 8,..., 6 which correspond to the moduli %, %,...%,, or say the 
values (%, Bo, ..., Oo), (4, Bis ..., 0) ..., (dn, Bn, +++, On), are obtained by giving to w the 
values 


0, , 0; , Ws, potes, On ; 
_2K 2K+1K" 4K+iK KT 
TT n , n , m y eee, n , 


viz. the cases oj w, correspond to Jacobi's first and second real transformations, and 
the others to the imaginary transformations. 
‘I remark that o = o, gives for snc 2ge an expression which is rational as regards 


1 
q, but w= wp, gives an expression involving q”, the real nth root of q; the other values 
E 


01, ©, ... give the like expressions, involving ag”, aq”, ... (a an imaginary nth root 


of unity) the imaginary nth roots of q. 
20—2 
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53. I consider first the expression 


1 X. 1 _ dn Zoe, 
snc 290, ` sn (K — 29a)’  cn2gey 
As 2KE 3 : š ` š 
Here, writing 2g0,= P3 (£ for Jacobi's z, as v is being used in a different sense), 
that is, 
nec 2A ^ Spr 
"VER MS y) Ü b 
27 Zei 


(and thence gies d % = av, eË =a, if a= e", an imaginary nth root of unity) we have 
(Jacobi, p. 86, [Ges. Werke, t. 1., p. 143]) 


Am dn SAT + en RAE 
snc 2go, T T 


_C 296 _ (1+qe0%)..(1+ge"*).. 
B'l+e (14 qe)..(1-4- qe)...’ 
where 
Ç adore dri ; 
ee =P: 
that is, 


MNG z Ze fu H + a9 g) .. (1 + 49 q). E 
snc2ge, 1+a¥ (1 + af0g?) .. (1 + 07 q).. 


where, for shortness, I write (1 +q)... to denote the infinite product 
(1 + ge) (1 + ge) (1 + ge) ..., 


and similarly (1 +g)... to denote the infinite product (1 + q*e"*) (1 + oe") (1+9 ST. 
and the like for the terms in &-?*: the notation, accompanied by its explanation, 18 
quite intelligible, and it would be difficult to make one which would be at the same 
time complete and not cumbrous. Then attributing to g the values 1, 2, .. 10- 1), 
Y &o., 


' B 
and forming the symmetric functions of these expressions, we have the values of —' a 


or a being put = 1, say the values of B, wy, ..., c. 


54. I stop to notice a verification afforded by the value of f, Putting 4=0, 


that is, q — 0, we have 
1 209 


sne 2go, 1-4 a° 


and thence i 
a a a? ed 
a=. ot at pet tie} 
^-1 
1 à AT -)?n; 
we have 28,= art and putting as above 4=0, the value of Dn is =( , 
0 0 
whence 
4 (n—1) 
„edyta TCA wl n > 
E a dat iret ra tigxgup 
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a theorem relating to the imaginary nth roots of unity, » an odd prime. In particular, 


n=3, —4= ET Dra at once verified by “+a+1=0; 


a š 
n = 5; 4= tra verified by a4—1=0, 
viz. the theorem is also true for the real root a=1; in fact, the term in { } is 


(a (1 + a*) + a? (1 + a2)| +(1 +) (1 + a), that is, (a 4- 1 +a +a) + (1 - à? 4- at +a), sl: 


a? a? 
Sp I Eat eh 
which may be verified by means of a+ a^ +a -- à? + à? -F a -- 1 — 0; and so on. 


55. I further remark that we have 


p x (o | sn 20, . sn 40,. . sn (n — 1) v, ai 
M, ` sne 2o, . snc 4o. . snc (n — 1) 0) ` 
But Jacobi (p. 86, [/.c.]), 
sn 2go, — sn mij 
„AK &t—1 (— pe .. (1 — 0). . 
mi ef  (1—ge*5).. (1—qe-*5)., 
where (p. 89, [Lc., p. 146]) 


AK do (ADAH)... ,., 
r RIDGE Y W, 


W r Jh. 
that is, ep Sr 
EUM “š cn GE OC, .(1 —aVq).. 
sn 2go = fq. o (1-%5)..(l-a*%9).. —a"q)..(l—a"-™q)., 
Hence 
sn 290, _ Nel- Pa. LES. 1—2a^"799..1--a"*9.. 
snc 2go, — (09 4-1) 1r a? q.. 1—agq.. LHA E., l-a"wqg,.” 


and giving to g the values 1, 2,...,¿(n—1), and multiplying the several expressions, 


wit basa kha salen ae 4. va edd 
M 0 


1 z (a9 + 1) 
HOONEN b PJ) E 


where R(q) denotes the product of the several factors which contain q. 


.56. The (1) of the denominator gives a factor oi, =(— ) E , which destroys the 
n—1 
factor (—) ? . We have then a factor 


e — 1y? AP UE 
II Ke 3 , which is = (—)!^7 n. 
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a? — T 2 
ar i 


viz. the numerator is a — 2a? + 1, =—3a?, and the denominator is (— a), = a°, 


In fact, n=3, this is 


So n=5, the formula is 


aœ— l1 at—1)\? z dub IM. Ll 
(5 a) es. 5, that 18, CES EE 
or 
a’ — 4a? + Gat—da+1 _ , 


a? + Ża* + 1 
viz. this is 5(1+a*+ 2a*) — (1 — 4a — 4a? +a + 625) = 0, which is right; and so in other 
cases. 

We thus have 
= C. RO: 


which, on putting therein w=0, that is, q — 0, gives, as it should do, x = (—)in— m, 
0 


57. As regards the expression of R (q), observe that, giving to g its different 
values, the factors 1— a% q? and 1 —a""VQ* are all the factors other than 1—q* of 1— q^, 
and so as to the other pairs of factors; viz. we have 


e ç”. 14g... 1-9 ..l=q 3) 
OWE G =P ..14+q9..1+9”..1-q"..) ” 


viz. this is 
„(le > + q^. y. Wi -g..14g. A 
14+g".51-99/- P +g. EI? 
that is, ( 
1 $> (qr) 
ees da) y TA: 
LET y, BQ)’ 
agreeing with a former result. 
58. We have of course the identity 28,= 4, —1; that is, 
4S fo(q —— = (jaa p 9 (9) y 
a '(l+a7q)..(1+a%g).. Po” 


(g=1, 2,..4(n—1)), which, putting therein q=0, is an identity before referred to; a 
form perhaps more convenient is obtained by dividing each side by /?(q). 


59. I notice further that we have 


% =u" [snc 2w, snc 40, ... snc (n — 1) wp} ; 
the term in { } is 


to P guy ^en M 
(1 4 a? q)..(1+a"wg) .." 
1 + 09 T . 140 
where we have II : —-(—)"-—» For example, n=3, the term is To =-1; 


www.rcin.org.pl 


578] A MEMOIR ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


n=5, it is 
QUEM T. _1+0+G+a 1: 
a. a? e ei Sage, 
nz, it is 
(+2) (1+a) (ta) _ 1 + a + a? +a + at +a + Ze 
y S d a’ 


and so on. The term in question thus is 


TEE wert 1+q”..1+9 .. 
| put aT “OTe ge Tg.” 
that is, 
Ani) __ —n n 
eZ a (MI. 


This has to be multiplied by u”, =(V2)"q* f” (q), and we thus obtain 


v, = (- 9e» /9gŠ f (q"), 


agreeing with a former result. 


159 


We have in what precedes a complete q-transcendental solution for the trans- 
formatio prima; viz. the original modulus k*(=u*) being given as a function of g, 
then, as well the new modulus A w v?) and the multiplier M,, as also the several 


functions which enter into the expression 


1 ac) I — y 

1-y 1-2 ( ~ sne 2o, „.( snc (n — 1) «y 
l+y Lire ==) € P 

(1 + snc 0 RM (1+ sne (n — 1) o, 
are all of them expressed as functions of q. 
60. I consider in like manner the expression 
1 A . dn Zoe, 
. Snc2go, sn(K—2gw,)’ cn Ba, 


Here, writing Zoe, = = (E instead of Jacobi's z as before), that is, 


"ES Pc 
n 1. 
and thence 
f g 7K’ g 
BE K > = q”, 
we have 


Kay eer aie 1 
snc 2go; T 
2g 


g 14% 1-2 

= f*(q). 2q” +g ?).. (1--q UD 
2g 9.28 "m 

l+q" (l+q *)..(1+q ”).. 
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where the notations are as follows: 


2g 29 °g 2g 
(14-Q *").. is the infinite product (1 +q ")(14q ")(l4q ?).., 
and 


2g 29 29 29 
(1+gq ?).. is the infinite product (1 +q ")üu-Q DA +q w). e 


and the like as to the expressions with exponents containing — E ^ 


And then attributing to g the values 1, 2,..,4 (n — 1), and forming the symmetric 
funetions of these expressions, we have the values of A I, j x or a being put — 1, 
say the values of B, y, ..., c. 

It is easy to see, and I do not stop to prove that, if instead of o — «e, we have 
O= Q9, Oz... OF On; We simply multiply x by an imaginary nth root of unity; that is, 

1 


we replace the real nth root q” by an imaginary nth root of q. 


In the case w = 0, that is, q — 0, we have =0, and thence 8 = 0; and the 


snc Zoo, 
like for the values w,, 0»,..., ©, ` the equation 28= 7- 1 gives consequently for Hi n 


values each —1, agreeing with the multiplier equation. 


61. We have for M, the formula 


E SIE sn 20, sn Aen, ..sn(n—1)@, )? ; 
M, snc 20, SNC bwn ... snc (n — 1) wy 
and, as before, 
29 24.29 2-99 
*—1(1—-q ”)..(l1-q *).. 
mde ofi SE Ent De 
mą” {i= q" ET, UQ Kaq .. 
hence 
2g 2g 2y E E 
sn2go, Q9" —1 (l-g *).. (1 *).. (10-g ").. (1g *).. 
2g 


snc2ga, . Y 2429 29 m" Ki 
99" i(g41) (044 9)..0—9] 9). (144 *).. (1-9 *).. 


3 


š 1 š , š ‘ 
and we thence derive the value of yu. Vi observing that we have in the denominator 
m 


(Pn, =(—)00 which destroys this factor in the expression of x , this is 
"n 


29 2429 29 -39 Bé 
1 qjl-4"0-4 7.244 '9)..(l-q ?)..044 ?).. 
n x. 94-29 14-29 2-%9 1-9 à 
1+q* (l+q ")..(1—4 *)..(1+qg *)..(l—q *).. 
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Now, giving to g its values, it is easy to see that we have 


2 mut 
naa 0. d DÉI el 


2 2 4 6 uw L 
where (1 —g”).. denotes (1 —q”)(1 —q")(1— q").., viz. 16 18 the same function of q” that 
(1— q?).. is of q; also 


1 
29 1-9 1+ e 
I 10708 Den epe 


1 8 1 
where (14 99. denotes (14-q") (Q +g”) (1 ry 8 , viz. it is the same function of q” 
that (1--q).. is of q; and the like as to the denominator factors: we thus have 


Ah q). 04.99. 0: 9). Za 


AP A aI 


(1-q)..(1+9).. (144... (1 — 4") 
[x q?).. (eq. Hes q). (1+9). d 
(14-49... (1—4 d (1+q)..(1—9).. 


1 
= d? (q") + # (q), 


viz. this is 


or, we have 


agreeing with a former result. 


We have : 
28, = M, w Lh 
that is, 
1 1 1 |- Pa") ui. Fe" 
e = Sa, ' snc Ae, * eet — Doy $ $ (q) 


a result which, substituting on the left-hand side the foregoing values of the several 
functions, must be identically true. 
62. We have also 
Un = u^ (snc 20, snc 40, ... SDC (N — 1) es); 
where the term in Í } is zy, 
Aa m) asd *ny, (1+9 
ny Ot? tt Oe 


aq” die +d IDE 


or, observing that the sum of the exponents 2 is > (1 $2.44 (n-1]- "5 , this is 
1 gear: 
mfr (qs = 


mig 149"): 
(12) m (1 4g )..( Si 
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1 
or, the last factor being f'(q")--f(q) the expression is 


AŻ. 1 
TEL disi ur 


FR) 


or, multiplying by u”, =(V2)" q5 fn (q), we have 


JE 1 
. e " V 299 f (q^), 
agreeing with a former result. 
We have in what precedes the complete q-transcendental solution for the trans- 
formatio secunda; viz. the original modulus k(— w* being given as a function of q, 
then, as well the new modulus A,(=",') and the multiplier Mn, as also the several 


funetions which enter into the formula 
a a 3 
1-0 (tsala: Deche 
l+z a a ) : 
(1 + snc 3s.) n (1 + sne (n — 1) "m 
1 
are all expressed in terms of q. The expressions all contain q”, and by substituting 


for this an imaginary nth root of q, we have the formule belonging to the several 
(n — 1) imaginary transformations. 


63. As an illustration of the formule for the transformatio secunda I write n — 1; 
. 1 


and putting for greater convenience Q — r”, that is, r=q7, then we have 


= V arf mn i290 


M, (r) 
au =2f* (17) A _ l  Lef(w")B E esq» 
Sne 2w, > sne 4o, ' gne 60, y 
where 
ot 5.19... 9.23.. 
EZ RI SASK ` apk 
9.47. 45 30. 
Barg, 1s, C TR, 
AT ak et 
H Sta: E 


where the numerator of A denotes (1 +7°)(1+7")..(1+7)(1+7%).., and so in other 
cases, the difference of the exponents being always — 14 And we have, as mentioned, 
the identical equation 


foa +B+0)=+ (że; - l. 


The values of the several expressions up to 7 are as follows: Mr J. W. L. Glaisher 
kindly performed for me the greater part of the calculation. 
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Ind. Multiplied by $° (r) 
of r ji f) + ¢? (27) 


0 0 0 + 1 
1 + 1 4 A + d + 4 
2 + 1 + 1 + l + 4 
3 = | + 1 0 0 0 
4 + 1 + 1 det) + 4 
5 + 1 + 1 + 2 e WA + 8 
6 + 1 — 1 0 0 0 
7 — 1 1 41 = 4 
8 = 1 — 1 ls 058 ik M 
9 + 1 = - i] w 8 HOMIS 
10 + 2 + 1 - 1 + 2 ^ 2 + 8 
11 = 1 =l - 2 TT = 168 
12 — 2 = 1 — 1 — 4 = | = DE 
13 + 2 + 2 TEN + 8 
14 + 2 — |] + 1 IŁ 9 + 12 
15 + 1 es | + 1 + 1 45:8 + 32 
16 — 2 + 2 + 2 + 2 de 29 + 86 
17 — 2 — 2 + 2 e 2 ka, KB — 94 
18 + 1 + 1 + 2 + 4 + 18 + DÀ 
19 + 2 + 2 + 2 + 6 + 24 + 96 
20 — 3 + 1 — 2 n B — 2 
21 — 2 + 2 _ 1 1 e $2 
22 — 2 + 1 — 2 — 8 = 0 >. 80 
23 +2 — 4 — 3 — 5 = db — 96 
24 + 8 + 8 — 4 + 2 + A + 64 
25 — 1 — 4 — 5 Ca Bo = 182 
26 — E — 3 — 3 — 10 — "BS — 948 
97 =: J + 5 — 1 + 2 z 10: + 64 
28 + 4 — 3 ge H 2 CAN 3 + 19 + 76 
29 + 5 — 1 + 8 + 7 + 46 + 184 
30 — 3 + 6 + 5 + 8 + 56 + 224 
31 Lr. — 6 + 7 — 6 — 40 — 160 
32 + 1 + 1 + 7 + 9 $? 72 + 308 
33 + 9 + 5 + 4 +18 + 144 + 576 
34 + 8 — 8 + 1 — 4 — 88 — 159 
35 — 9 + 5 — 1 — 5 - AD — 168 
36 = 7 + 2 — 5 — 10 a 08 — 396 
37 + 7 — 9 — 9 — 11 = 192 — 488 
38 + 11 + 10 — 11 + 10 + 88 + 852 
39 — 4 — 3 — 10 — 17 — 168 — 672 
40 — 13 — 8 = 7 — 98 — 810 — 1240 
41 — 2 + 13 - 3 + 8 p 89 4 328 
49 4 13 — 8 + 3 + 8 + 88 + 352 
43 + 8 — 3 + 9 +14 + 204 + 816 
44 — 11 +14 +14 +17 + 252 + 1008 
45 — 14 — 14 + 16 — 12 — 182 — 728 
46 + 5 + 4 + 15 + 24 + 944 + 1376 
47 + 17 + 11 + 12 + 40 + 632 + 9528 
48 + 3 — 20 + 5 — 12 — 168 — 672 
49 217 + 13 — 5 — 9 — 175 — 700 
50 | —13 + 5 —14 = 22 — 401 — 1604 


21—2 
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64. As already mentioned, the foregoing expressions of the coefficients in terms 
of q may be applied to the determination of the coefficients as rational functions 
of u, v. 


Representing by 0 any one of the coefficients a, B, y,..., c, consider the sum 
gue. 
a 
f a positive integer, and the summation extending as before to the n+1 values of 


v, and corresponding values of Cé This is a rational function of u, and it is also 


integral. As to this observe that the function, if not integral, must become infinite 
either for u=0 (this would mean that the expression contained a term or terms 
Au-*) or for some finite value of u. But the function can only become infinite by 


0 Kai we à 
reason of some term or terms of Sw ~ becoming infinite; viz. some term sun ge 
@ 


must become infinite; or attending to the equation 
v = u” {sne 2w snc 40 ... sne (n — 1) ol, 


it can only happen if w=0, or if v=o; and from the modular equation it appears 
that if v=o, then also u=w: the expression in question can therefore only become 


infinite if w=0, or if u—o. Now u=0 gives the ratios cb 2, ..., each of them a 


determinate function of n, that is finite; and gives also v=0, so that the expression 
does not become infinite for u=0; hence it does not become infinite either for u=0 
or for any finite value of w; wherefore it is integral. The like reasoning applies to 


the sum Sv 4 viz. this is a rational function of u; and it is quasi-integral, viz. 


there are no terms having a denominator other than a power of u, the highest 
denominator being wY; viz the expression contains negative and positive integer 


powers of w, the lowest power (highest negative power) being A 


65. It is to be observed, further, that writing the expression in the form 


0 


a? 


0 
Jo LS 
Mat vf 


(where S' refers to the values v, v,,..., v, of the modulus), and considering the several 
quantities as expressed in terms of q, then in the sum H every term involving a 


h 
fractional power q” acquires by the summation the coefficient (1 +a + a? --...-- a"), and 
therefore disappears; there remains only the radicality g* occurring in the expressions 
of the vs; and if mf= u (mod. 8), 4=0, or a positive integer less than 8, then the 


- 
form of the expression is q8 into a rational function of q. Hence this, being a 
rational and integral function of u, must be of the form 


Au: + Butts + Curt + &c. 
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66. We have thus in general 


sw = Aw A Bug ` +60; 


and in like manner 
CZŁ =A V p Bums 4 e. 


We may in these expressions find a limit to the number of terms, by means of the 
before-mentioned theorem that we may simultaneously interchange u, v; a, B,..., p, © 


into > = 0, p,..., B, a. Starting from the expression of Sv A let $ be the corre- 


sponding coefficient to 0; viz. in the series a, B,.., 0,.., $,.., p, c, let b be as removed 
from c as 0 is from a; then the equation becomes 


Sort Aw Bu + &o, 
PZU R $, the equation thus is 
c a a 

Sv Š = Aurre + By es + fe: 


and by what precedes the series on the right-hand side can contaim no negative power 
higher than =s: that is, the series of coefficients A, B, C,... goes on to a certain 


point only, the subsequent coefficients all of them vanishing. | 


In like manner from the equation for Sv- : we have 
Sy $ kat A^u (n-+1) f + DB^u*»7—8 4- &e., 
a 


where the indices must be positive; viz. the series of coefficients A’, P... goes on 
to a certain point only, the subsequent coefficients all of them vanishing, 


67. The like theory applies to the expression » We have, putting as before 
nf =m (mod. 8), 


Sv jj = Aut Butt ..., 

Si! = Aw Bees 
and we find a limit to the number of terms by the consideration that we may simul- 
taneously change w, v, # into =, =, D the equations thus become 


Sot = Au" + Buon + Log 
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(where, if f= or <4, there must be on the right-hand side no negative power of w; 


^ t : 1 
but if f>4, then the highest negative power must be ain 


) and 


Sut ai = A'uW+ 4 By, 


where on the right-hand side there must be no negative power of u. 


68. It is to be remarked that 8, p being always given linearly in terms of x 


it is the same thing whether we seek in this manner for the values of 8, p or for 


1 ; Ë : ; 
that of x; but the latter course is practically more convenient. Thus in the cases 
n=5, n=7 we require only the value of e 
In the case n=11, where the coefficients are a, 8, y, 9, e, €, it has been seen that 


A š: Š 1 ? š i 
y, 9 are given as cubic functions of A seeking for them directly, their values would 


(if the process be practicable) be obtained in a better form, viz. instead of the 
denominator (F'v)* there would be only the denominator F” (v). 


69. I consider for E the cases n=8 and 5: 


n=3, f=0, 1, 2, 3, then oct 3, 6, 1; 
and we write down the equations 


t° 
M 


ka 


Bass A, giving S g7 A> 


Sy-Aw, „ 8 y= A, 


8520 "M 
M7 , » 3,70 D 
viz. if we had in the first instance assumed EE + Bu*+.., this would have given 


4 
Sq = Aw Bu +.., whence B and the succeeding coefficients all vanish; and so in 
other cases. We have here only the coefficients A, A’; and these can be obtained 
without the aid of the q-formule by the consideration that for u=1 the corresponding 
values of v, Y are 
v Set —1, —]1, _ 1, 


V xai —1, -1, —1, 


E 


www.rcin.org.pl 


578] A MEMOIR ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 167 


whence A=0, A’=6; or we have the equations 


3 
M 


q 


M 


v v 
S — = 0, S y = 6%, S — = 0, S77 = 9" 
giving as before 
(208 + Bou — u) 4 = 3 (tu + 2u'v + 1) u, 

š š 1 Zu 
reducible by means of the modular equation to "A 1+ =, 
70. n=5. Corresponding to f=0, 1, 2, 3, 4, 5, we have 4=0, 5, 2, 7, 4, 1, and 


we find 


83-4. giving Sp = Au, 
v Ce 
S379 » ST = 0, 
S y zm. T y = A", 
Bus n 7,9 a Qj Hä" VI, t 
Si Air Big , M y Au + Bu”, 


But for u=1 the corresponding values of », Y are 
v =1, — 1, — 1, — 1, — 1, — 1, 
8 
M 
whence A = Ass 10, A” + B"—0, or say the value of SH is = A"u (1— u’). 


«E uL. Y KB ie 


The value of A” is found very easily by the q-formule, viz. neglecting higher 
powers of q, we have 
u=q* V2, v = qt 2, T=: Us = giv V2, x75 


hence | 
(SY ; v "nia 
Bus y tS m = 5qt(V2y = AG 2; 
that is, A” = 20, and the equations are 
1 v y yt v 
S4; 710. KEE gu 1006, S370 Sgh 83=20u(1— w); 
whence 
Fo. = 20u (1 — u*) 


— Lü (Sv, — v) 
— 104 (Suy, — uu, + Su, — v?) 
— 10 (Suiv, — VSV + 180,010, — 180,0, + VS, — v), 
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where Su, Ze, are the coefficients of the equation 


v5 + 40520 + bau? — Bu: — 4vu — w = 0, 
viz. 
Sw, UQU,, VVW,  UViVqV3, | UQUUSUSV, 
are 

— Aur, + 54, 0, se bag, du; 
or the equation is 


So, y= 20u (1 — u’) 
—10w(—4w5— v) 
— 10: ( — duży — Aug — v’) 
—10 ( 4u + 5utv — 5%%2 — Au — v’), 
Or, say 
iP" » =5 f+ 4v 6wu + opt vu — 2u (1 — u), 
where 
Kn  =3 wv+l0vw + Lg — 5vut — 2u. 


Hence also, reducing by the modular equation, 


loF'w Y = 5u [utu + dut + Gow + 2v (1 + w) + w), 


the one of which forms is as convenient as the other. 
¿ E x 
71. Making the change u, v, M into v, — u, — 5M, we have 


— Fu. 5M = 5 (w + 4out — 60% + dwu — viu — 2v (1 — 2°} ; 


and comparing with the equation 
(1-v)vF'v 
CH SITA ds 
n (1 — 48) F^? 
we obtain 
v(1-0) -—2v(1—v)—wv'u + wu — Ów + dwu: —u* 
w(1—w) —2u(1—u5) + uv + duo? + ów + uer 40 


Writing for a moment M = ut + buw +, N =u +0, this is 


v (1—4)  —2v(1—wv)—vuM + 4vwN 
" w(1—w) —2u(1—u)+0M t 4vwN* 


that is, 


[578 


— 4uv (1 — u8) (1 — 99) — [a (1 — u$) 2o? (1 — 0%) M + Aug (ue Q —v) + (1 — 45) N = 0. 


But we have 
u? (1— w) — (1 — 0) =G —) (1 — us — why? — tot — uh — v8), 


u?(1—9v9)-49(1—45)2 =G +0) (1 — uv? (ut — wv? + v*)]. 
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Hence, replacing M, N by their values, this is 
— 4uv (1 — w) (1 — v’) 
` — (u? — v) (1 — u — uñu: — uw — ut — v9) (ut + Gu? + v*) 
+ dut? (w + v? (1 — wv? (u — uv? +0) = 0; 
viz. writing 4? —?* = A, w= B, this is 
—4B(1—4:—44*P —2B* + BY} 
- A(1—4:—54*BP* — 3B* (A? + 8B) 
+ 4B (A? + 4B) {1 — 4*B* — BY} = 0, 


— 4B {(1 — A*— 44*B' — 2B' + B°) — B (At + AB) (1 — AB: — BY} 
— A (1- A*C 54:2: —3B9) (43-88) 20; 


that is, 


-4B (1—4*—54*B* —3B*) (1 — B’) 
— A (1—4:—54*P —3B*) (A*+ 8B) 20; 
or throwing out the factor — (1 — 4*— 54*B* — 3BX) this is 
A (A: + 8B?) + 4B (1 — B*) = 0, 
the modular equation, which is right. 


The four forms of the modular equation, and the curves represented thereby. 
Art. Nos. 72 to 79. 


72. The modular equation for any value of n has the property that it may be 
represented as an equation of the same order (=n+1, when n is prime) between 
u, v: or between u’, 22: or between ut, vt: or between ap v$ As to this, remark that 
in general an equation (u, v, 1)"— 0 of the order m gives rise to an equation 
(w^, v, Up 2 0 of the order 2m between ap, v*; viz. the required equation is 

(u, v, 1)” (u, —v, 1)” (— u, v, 1)™(—u, —v, l)m = 0, 

where the left-hand side is a rational function of u, v* of the form (og, v, ly"; or 
again starting from a given equation (u, v, w)"— 0, and transforming by the equations 
eur zsm "mum, the curve in (a, y, z) is of the order 2m; in fact, the inter- 
sections of the curve by the arbitrary line as +by+cz=0 are given by the equations 
(u, v, wy^ —0, au + bw + cu* — 0, and the number of them is thus — 2m. Moreover, by 
the general theory of rational transformation, the new curve of the order 2m has the 
same deficiency as the original curve of the order m. The transformed curve in 
©, Y, 2, =U, w, w» may in particular cases reduce itself to a curve of the order m 
twice repeated; but it is important to observe that here, taking the single curve of 
the order m as the transformed curve, this has no longer the same deficiency as the 
original curve; and in particular the curves represented by the modular equation in 
its four several forms, writing therein successively u, v; u, W; w, vt; w, v =a, y, 
are not curves of the same deficiency. 

73. The question may be looked at as follows: the quantities which enter 
rationally into the elliptic-function formule are I, A2=48, w; if a modular equation 
(u, v”=0 led to the transformed equation (u, $5)" —0, then to a given value of %° 


C. IX. 22 
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would correspond 8 values of u, therefore 8v values of v, giving the same number, 
Sv, values of v9; that is, the values of v* corresponding to a given value of u* would 
group themselves in eights corresponding to the 8 values of w. There is, in fact, no 
such grouping; the equations are (u, v¥=0, (uw, bss: to a given value of u* 
correspond 8 values of u, and therefore 8v values of v, but these give in eights the 
same value of v8, so that the number of values of $? is = v. 

74. I consider the case n=3: here, writing v, y for u, v, we have here the sextic 
curve 

L $y—a*42zy (ay? —1)=0; 
and it is easy to see that the remaining forms wherein z, y denote uć, v; uć, vt; and 
u’, vw» respectively, are derived herefrom as follows; viz. 

IL (op æ} Aen (ou —1) = 0, that is, 

yt + 62% + at — day (ay? + 1)= 0; 

HI. (y*+ 6zy + a?) — 162 (ay + 19 — 0, that is, 

y + 62242 + at — Aan (day? — Ba? — By? + 4) 0: 

IV. (g2+ 62% + a?) — 162y (4ay — 3s — BY + 4? — 0, that is, 

y! — 76222 + at — dey (64a*y? — 96a*y — 96ay? + 332? + 3342 — 96a — 96y + 64} = 0, 
where it may be noticed that the process is not again repeatable so as to obtain a 
sextic equation between z, y standing for u, v'* respectively. 

The curve I. has a dp (fleflecnode) at the origin, viz. the branches are given by 
y!—2:-20, —4?—2y =0; and it has 2 cusps at infinity, on the axes 2=0, y=0 
respectively; viz. the infinite branches are given by y+2a°=0, ot 2y*=0 respect- 
ively. These same singularities present themselves in the other curves. 

The curve II. has the four dps (22—42= 0, zy —1=0), that is, 

(r2y-71), (w=y=—1) (e=, y=—1) (1=—1, y — 1). 
Corresponding hereto we have in the curve III. the 2 dps (z=y=l, z—y — — 1), and 
in the curve IV. the dp (2=y=1). 

The curve IIl. has besides the 4 dps y?+ 6xy + 2?=0, zy + 1— 0, that is, 

(14-42, 1-42), (1-42, 1-- 3) (-1-42, —1 +42), (-1+ V2, -1—W2); 
and corresponding hereto in the curve IV. we have the 2 dps 

(8 +? 2 3—242), (3—2W9, 34242). 
The curve IV. has besides the 4 dps (y°+ 6ay+a°=0, Aen — 3x — 3y - 4 —0), or 


say (20 — 3) (2y — 3) - 120, 2(0+3)+2(y+3)—171=0. Hence the 4 curves have respect- 
ively the dps and deficiency following :— 


dps. dps. Det. 
2,.1 = 3, d 
2, 1, 4 es Zë 3, 
21,24 = 9, b 
2, 1, 1, 2, 4-10, 0; 


viz. the curve IV. representing the equation between u* and s? is a unicursal sextic. 
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It may be noticed that, except the fleflecnode at the origin and the cusps at 
infinity, the dps in question are all aenodes (conjugate points). 


75. The foregoing equations may be exhibited in the square diagrams :— 


I II. 
wë ee SK WE DOW gp WR 
at | es | +1 
Be RA ES MIR HON NEW gros pra up proa 
MI C TT "y FE vem + e 
z POST T cm p NUT Ie WORE MUSEI 06 
"R PUT S Kei +4. dnas bat a 
do Ade Oo ed. + beer 4 514-446 xd. XT wy 1 
IV. 
y‘ y y y 1 
at | +1 
p AET jl 18a] ` 
a | |+884|-762|+ 884] 
à K A wegl el 
"on Cale a 
1-4 +š — à ¡AAA upi - 4 +I s(-1y; 


where the subscript line, showing in each case what the equation becomes on writing 
therein æ= 1, serves as a verification of the numerical values. ` 

The curve IV. being unicursal the «coordinates may be expressed rationally in 
terms of a parameter; in fact, we have 


_@(2+a) _a(24+aP 
771-20 '?7 0 + Say ' 
These values give 


l6zy = 16 (2 + ay | + (1 + 2a), 
4 + day — 3s — 3y = (4, 8, 12, 32, 50, 32, 12, 8, 4%1, a) + (1 + 2a); 
a +óry+y: ^ =4e(2+ay(4, 8, 12, 32, 50, 32, 12, 8, 41, a) + (1 + 2ay, 


and the equation of the curve is thus verified. 
22—2 


www.rcin.org.pl 


172 A MEMOIR ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. [578 


76. Considering in like manner the modular equation for the quintie trans- 
formation, we derive the four forms as follows :— 


L  a*y + Bay (a? — y) + 4zy (1 —2*y) 20; 

IL {æy + 52y (2— y)? — 162y (1 — y= 0, that is, 
a + 15a*y + Lä + ag — Zou (8 — 5a* + 102*y? — Aan + 853") = 0; 
HI. (04 15%y + 15%y? + y? — dary (8 — 52? + 102y — By? + 82222 = 0, that is, 
x + 6552% + 655a?y* + y* — 6402y? — Gau 

+ cy (— 256 + 3202? + 320y? — 702* — 6602*y* — T0y* + 3204y? + 320%! — 256arty*) = 0 ; 

IV. (a+ 655a%y + 655a? + ug — 640xy — 6402?» 
— ay (— 256 + 3202 + 320; — 104? — 6602 — 7022 + 320a*y + 92022 — 2562y} = 0: 


or, expanding the two terms in the last equation separately, this is 


— 65536 |=0. 
+ 163840 
+ 163840 
— 138240 
409600 — 542720 
— 138240 

1280 * 44800 
838400 + 631040 
838400 + 631040 

1280 + 44800 

1 

1310 — 4900 
430335 — 297200 
1677252 — 986072 
430335 — 297200 

1310 — 4900 

1 d 

1280 + 44800 
838400 + 631040 
838400 * 631040 

1280 + 44800 
— 138240 
409600 — 542720 
— 138240 
163840 
+ 163840 
— 65536 
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77. The square diagrams are:— 
I II. 


Poy W wighei gost 


A HEM | ES X 


TM 


l1 44 46 0 —5.—4 = 1 1 = 6,15 —20 +15 — 6 +1 
= (y +1) (y —- 1); =(y- 1); 
| III. 
y y y y y y 1 


— 65536 | + 163840 | — 138240 


+ 163840 | — 133120 | — 207360 | + 133135 | + 43520 


— 138240 | — 207360 | + 691180 | — 207360 | — 138240 
+ 43520 | + 133135 | — 207360 | — 133120 | + 163840 


— 8590 | + 43520 | — 138240 | + 163840 | — 65536 
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where the subscript line, showing in each case what the equation becomes on writing 
therein «=1, serves as a verification of the numerical values. 


78. The curve L has at the origin a dp in the nature of a fleflecnode, viz. 
the- two branches are given by æ+ 4y=0, —4°+ 4e=0 respectively; and there are 
two singular points at infinity on the two axes respectively, viz. the infinite branches 
are given by —y—4a°=0, z—4y*=0 respectively. Writing the first of these in the 
form — yz!—445—0, we see that the point at infinity on the axis e=0 (ie. the point 
z=0, x=0) is =6 dps; and similarly writing for the other branch «75—495'—0, the 
point at infinity on the axis y=0 (ie. the point 2— 0, y=0) is =6 dps*. 


Moreover, as remarked to me by Professor H. J. S. Smith, the curve has 8 other 
dps; viz writing w to denote an eighth root of —1, (@°+1=0) then a dp is 2 — c, 
y=. To verify this, observe that these values give 

w” w 
—— —— 
05 =+ 6 | — 6 =+ 6 
+20xy —20 | +10ay  —10 
—10z —10 | —202%8 —20 
+ 4y + 4 | + de + 4 
— 20296 +20 | —20x* +20 


or the derived functions each vanish. Thus I. has in all 14+12+8, =21 dps. 


In II. we have in like manner 1+12+4, =17 dps; viz. instead of the 8 dps, 
we have the 4 dps «=o, y=», (0*+1=0) or, what is the same thing, v=o, 
y=— w, where e*--1-0. But we have besides the 12 dps given by 

a?—3*45xzy(r—y)20, 1 — z% = 0, 
viz. we have in all 1 +12 + 4 + 12, =29 dps. 
In III. we thence have 1+12+2+6, —21 dps; and, besides, the 12 dps given by 
æ + 152*y + 15222 +° —0, 8 — 5a? + 10zy — By? + 82% = 0, 
in all 1 +12 +2 + 6 +19, —33 dps. | 1 
And in IV. we thence have 14+12+1+3+6, —23 dps; and, besides, the 12 dps 


given by 
x + 655a*y + 65507? + y? — 640xy — 6402% = 0, 


— 256 + 320z + 320; — 7022 — 660xy — 103? + 3202y + 3202? — 25644? = 0, 
(these curves intersect in 16 points, 4 of them at infinity, in pairs on the lines 


æ=0, y=0 respectively; and the intersections at infinity being excluded, there remain 
16 — 4, —12 intersections); there are thus in all 1-- 12 4- 1-- 3-- 6 - 12, =35 dps. 


* These results follow from the general formule in the paper “On the Higher Singularities of Plane 
Curves,” Camb. and Dubl. Math. Journ. t. vu. (1866), pp. 212—223, [374]; but they are at once seen to 
be true from the consideration that the curve yz*—25—0, which has only the singularity in question, is 
unieursal; the singularity is thus —6 dps. 
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Arranging the results in a tabular form and adding the values of the deficiency, 
we have 


dps. dps. Def. 

I. 141248 m2], =15, 
IL. 1+12+4+ 12 29, de 
III. 1412-24 6-412 33, 3, 
IV. 1+12+1+ 34 6412 35, h 


so that the curve IV. is a curve of deficiency 1, or bicursal curve. It appears by 
Jacobi's investigation for the quintic transformation (Fund. Nov. pp. 26—28, [Ges. Werke, 
t. L, pp. 77—79]) that we can in fact express æ, y, that is, w*, v*, rationally in terms 
of the parameters a, 8 connected by the equation 


à? — 28 (1 +a+ B), 
which is that of a general cubic (deficiency = 1); in fact, we have 


LL WT. Gë 
a—28 ut’ No M 
that is, 


wt BL, vene (8) > 


where a, 8 satisfy the relation just referred to. The actual verification of the equation 
IV. by means of these values would be a work of some labour. 


79. In the general case p an odd prime, then in L we have at the origin one dp 
(in the nature of a fleflecnode) and at infinity two singular points each = 1(p — 1) (p — 2) dps. 
I infer, from a result obtained by Professor Smith, that there are besides (p —1)(p—3) 
dps; but I have not investigated the nature of these. And the Table of dps and 
deficiency then is 


dps. Def. 
L 1-(p-1)(p-2)* (p-1)(p—3) —|2p!'—Tp--6, 4p — 5, 
IL 1-(p-1)(p-2)*$(p-1)(p-3)- 3 (p - 1) | 2p* — 5p + 4, 2p — 3, 
HI. 1+(p—1)(p—2)+4(p—1)(p—38)+4(p?- 1) +3 (p — 1) 2p —4p +3, p-2, 


IV. 1-(p-1)(p-2)*i(p-1(p-3)*i(p-1)-*i(p-D-ti(p-Y) äm nr, ip-i 


viz. his values of the deficiencies being as in the last column, the total number of 
dps must be as in the last but one column. 
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